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1.
$f$ : $Xarrow Y$ $g$ : $Yarrow X$ $g\circ f=id_{X}$ $f\circ g=id_{Y}$
$(X\cong Y$ $)$ idx: $Xarrow X$ $id_{Y}:Yarrow Y$ 2
2
$X$ $Y$ $(X\simeq Y$ $)$ $f$ : $Xarrow Y$ $\backslash q$ : $Yarrow X$
$g\circ f\simeq$ id$x$ $\int\circ g\simeq id_{Y}$ $\simeq$ $X\simeq Y$










Definition 1.1 ([3] and [6]). Let (X, d) and $(Y, \rho)$ be metric spaces, and let $f,$ $g$ : $(X, d)arrow$
$(Y, \rho)$ be two functions (not necessarily continuous).
(1) $f$ is bomotopic to $g$ , written $f\sim bg$ , if there exists $R>0$ such that $\rho(f(x), g(x))<$
$R$ for all $x\in X$ , denoted by $\rho(f, g)<R$ .
(2) $f$ is metrically proper if $f^{-1}(C)$ is d-bounded for all p-bounded subset $C$ of $Y$ .
(3) $f$ is uniformly cxpansive if there exists a monotone increasing function $\lambda$ : $\mathbb{R}_{+}arrow$
$\mathbb{R}_{+}$ such that $\rho(f(x), f(x’))\leq\lambda(d(x, x^{f}))$ for all $x,$ $x’\in X$ .
(4) $\int$ is a coarse map if it is both metrically proper and uniformly expansive.
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Definition 1.2. (X, d) and $(Y,\cdot \rho)$ are coarsely equivalent, written $(X, d)\sim c(Y, \rho)$ , if there
exist coarse maps $f$ : $(X, d)arrow(Y, \rho)$ and $g:(Y, \rho)arrow(X, d)$ sucb that $g\circ f\sim b$ id$(X,d)$ and
$f\circ g\sim_{b}id_{(Y,\rho)}$ .







$X$ $[0,1]$ $X$ cut 2
([13, p.96] ) ( $[18, p.31]$ $\mathbb{R}$-tree
[12] ) $X$ $[0,1]$
1 $X$ $\mathbb{R}_{+}=[0, \infty)$ $X$
one end cut 1 $X$ $Stone-\check{C}$ech
$\beta X$ [17, Pp.239-240]
Proposition 1.3 ([17]). Let $X$ be a noncompact locally connected, locally compact con-




([9] [10] ) Propositionl.3
(X, d) $(\mathbb{R}_{+}, d_{+})$ Coarse
$d_{+}$ $\mathbb{R}_{+}$
Theorem 1.4 (Characterization Theorem). Let $X$ be an unbounded chain connected sep-
amble metric space with a metric $d$ . Then the following are equivalent:
(1) $(X, d)$ is coarse equivalence to $(\mathbb{R}_{+}, d_{+})$ .
(2) (X, d) is coarsely unifomly chain connected, is of the bounded geometry and has
the coarse strong complementation property.
3 3
2. $\mathbb{R}_{\dagger}$ $\mathbb{R}+$
$d_{n}$ $\mathbb{R}^{n}$ $(\mathbb{R}_{+}, d_{\dagger})$ $(\mathbb{R}^{2}, d_{2})$ coarse
Coarse $(\mathbb{R}_{+}, d_{+})$ $(\mathbb{R}^{2}, d_{2})$ Coarse (asymptotic
([6] ) asymptotic Coarse
asdim$(\mathbb{R}_{+}, d_{+})=1$ asdim$(\mathbb{R}^{2}, d_{2})=2$ ) $\mathbb{R}_{+}$
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$\mathbb{R}_{+}$ $p$ $(\mathbb{R}_{+}, \rho)$
$(\mathbb{R}^{2}, d_{2})$ Coarse
Coarse
Proposition 2.1. [14] Let $(X, d_{X})$ and $(Y, d_{Y})$ be metric spaces. If $(Y, d_{Y})$ is an c-dense
subset of $(X, d_{X})$ for some $\epsilon>0$ , then $(X, d_{d}\backslash ’)\sim c(Y, d_{Y})$ .
(X, d) $\epsilon>0$ $Y\subset X$ $\epsilon$-dense
$X=\{x\in X$ : $d(x,y)<\epsilon$ for some $y\in Y\}$
$\int:Yarrow X$ : $y y$ $Y$
$Y=\{y_{n}:n\in N\}$ $g$ : $Xarrow Y$ $g( \{y_{n}\}\cup B(y_{n}, \epsilon)\backslash \bigcup_{i=\downarrow}^{n-1}B(y_{i}, \epsilon))=y_{n}(n\in N)$
$f$ $g$ coarse $g\circ f\sim_{b}$ id$(X,d)$ $fog\sim b$ id$(Y,\rho)$
$(X, d_{X})\sim’(Y, d_{Y})$
Example 2.2. $Y=\{(t\cos 2\pi t, t\sin 2\pi t)\in \mathbb{R}^{2} :t\in \mathbb{R}_{+}\}$ $cl_{2}$ $Y$
$\rho=(f_{\ovalbox{\tt\small REJECT} 2}|_{Y}$ $(Y, \rho)$ $\mathbb{R}_{+}$ $Y$ $(\mathbb{R}^{2}, d_{2})$ 2-dense
Proposition 2.1 $(\mathbb{R}_{+}, \rho)\sim c(\mathbb{R}^{2}, cd_{2})$
$\mathbb{R}+$ $\mathbb{R}+$
Coarse
Definition 2.3 ([1]). A metric space (X, d) is said to be coarsely uniformly connected
at $\infty$ , if for any $\epsilon>0$ there exist a compact set $K$ of $X$ and a $\delta>0$ such that for any
two points $x,$ $y\in X\backslash K$ with $d(x, y)<\epsilon$ there exists a connected set $Z$ in $X$ satisfying
$x,$ $y\in Z$ and diam$Z<\delta$ .
Theorem 2.4 ([2]). Let $(X, d)$ be a noncompact, connectcd proper metric space with
coarsely uniformly connected at $\infty$ . If $\nu_{d}X$ is connected, then there exists a proper metric
$\rho$ on $\mathbb{R}+compatible$ with the topology of $\mathbb{R}_{+}$ such that $(X, d)\sim c(\mathbb{R}_{+}, \rho)$ .
$\nu_{cl}X$ (X, d) Higson corona ( Higson
remainder) ([2] [14] ) $(\mathbb{R}_{+}, d_{+})$ $(\mathbb{R}, d_{1})$ coarse
Coarse $(\mathbb{R}_{+}, d_{+})$ $(\mathbb{R}, d_{1})$ Coarse
$\nu_{d_{1}}\mathbb{R}$ $\nu_{d}X$
Example 2.5 ([2]). There exists a locally connected, connected proper metric space
(X, d) such that $\nu_{d}X$ is connected and (X, d) and $(\mathbb{R}_{+}, \rho)$ are not coarsely equivalent for





$(N, d_{+}|_{N})\sim(\mathbb{R}_{+}, d_{+})$ $(\mathbb{R}_{+}, d_{+})$ Coarse
Coarse
Definition 3.1. Let (X, d) be a metric space and let $r>0$ .
(1) A sequence $S=\{x_{0}, x_{1}, \ldots\rangle x_{n}\}$ in $X$ is said to be an r-chain in (X, d) between
$x_{0}$ and $x_{n}$ if $d(x_{i-1},x_{i})\leq r$ for each $i=1,$ $\ldots,$ $n$ . For $0\leq k_{0}\leq k_{1}\leq n,$ $T=$
$\{x_{k_{O}}, x_{k_{0}+1}, \ldots, x_{k_{1}}\}$ is said to be an r-subchain of $S$ .
(2) $(X, d)$ is said to be r-chain connected, chain connected for brevity, if for any two
points $x,$ $y$ of $X$ there exists an r-chain in (X, d) connecting between $x$ and $y$ .
Remark 3.2. Let (X, d) and $(Y, \rho)$ be metric spaces and let $f$ : $(X, d)arrow(Y, \rho)$ be uniformly
expansive. If (X, d) is chain connected, $(f(X), \rho|_{f(X)})$ is so.
$(\mathbb{R}_{+}, d_{+})$ Coarse 23
1 ( )
Definition 3.3. A metric space (X, d) is said to be coarsely uniformly chain connected,
write cuc-connected for short, if there exists $r>0$ satisfying the following: for any $\epsilon>0$
there exists $\delta=\delta(\epsilon)>0$ such that for any two points $x,$ $y$ of $X$ with $d(x, y)<\epsilon$ there
exists an r-chain $S$ in $(X, d)$ connecting between $x$ and $y$ satisfying $diam_{d}S<\delta$ .
Example 3.4. (1) $(\mathbb{R}^{n}, d_{n})$ coarsely uniformly chain connected
(2) 23 coarsely uniformly connected at $\infty$ coarsely uniformly chain
connected
(3) $n\in N$ $Z_{n}=\{(2^{n}, y)\in \mathbb{R}^{2}:0\leq y\leq 2^{n}\}$ $Z= \mathbb{R}_{+}\cross\{0\}\cup\bigcup_{n}\rho=l$
$(Z, \rho)$ coarsely uniformly chain connected
$Z$
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$BdB(Z, 1)$ $\mathbb{R}^{2}$ $Z$ 1- $B(Z, 1)$ $X=\mathbb{R}_{+}^{2}\cap$ Bd $\mathcal{B}(Z, 1)$ $d=d_{2}|_{X}$
(X, d) coarsely uniformly chain connected $coal:sely$ uniformly connected
at $\infty$
Proposition2.1 $(Z_{i}d)\sim c(B(Z, 1)_{j}d_{2}|_{B(/_{\lrcorner},1)})\sim(X, \rho)$
(4) $X_{0}=\mathbb{R}+\cross\{0\}$ $X_{\infty}=\{(t, t)\in \mathbb{R}^{2} :t\in \mathbb{R}_{+}\}$$cX_{n}=\{(t, 2^{n})\in \mathbb{R}^{2} :t\geq 2^{n}\}$
$(\cdot r|$. $\in N)$ $X=X_{\infty} \cup X_{0}\cup\bigcup_{n\in N}X_{n\text{ }}d=d_{2}|_{X}$ ( ) (X, d)
coarsely uniformly chain connected
–$\cdots$
$\cdots$
$X$ the strong complementation property
: $X$ $U$ ClU Cl $(X\backslash U)$
([17, p.236] ) eliain connected Coarse
2 ( )
Definition 3.5. A metric space (X, d) is said $to$ have the coarse strong complementation
prope$\gamma Vy$ , write the csc-property for short, for every $r>0$ and every unbounded r-chain
connected subset $(U, d|_{U})$ of (X, d) there exists $\gamma>0$ such that $B_{d}(U, \gamma)=X$ , thus,
$(X, d)\sim c(U, d|_{U})$ by Proposition 2.1.
3 ( )
Definition 3.6 ([4]). Let (X, d) be a metric space. For $r>0$ , the r-capacity of $(X, d)$ ,
denoted $(^{\backslash },ap_{7}.X$ , is the maximal cardinality of all r-discrete subset of $X$ . A metric space
(X, d) is of bounded geometry if there exist $r>0$ and a function $N$ : $\mathbb{R}+arrow \mathbb{R}+$ such that
for every $\epsilon>0$ and every $x\in X$ the r-capacity of $B(x, \epsilon)$ does not exceed $N(\epsilon)$ , i.e.,
$cap_{r}B(x, \epsilon)\leq N(\epsilon)$ .
Example 3.7. (1) $(\mathbb{R}^{n}, d_{n})$ bollnded geometry
(2) bounded geometry bounded geometry Ex-
ample $3.4(3)(4)$ bounded geometry
(3) Hilbert ([7, PP.252-253] ) bounded geometry
$(\mathbb{R}_{+}, d_{+})$ 3 3
Coarse
Lemma 3.8. Let (X, d) and $(Y, \rho)$ be metric spaces, let $R>0$ and let $f$ : $(X, d)arrow(Y, \rho)$
and $g$ : $(Y_{\backslash }\rho)arrow(X, d)$ be uniformly e.xpansive such that $\max\{d(g\circ f\cdot, id(X, d)),$ $\rho(fo$
$g,$ $id(Y,p))\}<R$ .
(1) If (X, d) is chain connected, then $(Y, \rho)$ is so.
(2) If (X, d) has the csc-property, then $(Y, \rho)$ has so.
(3) If (X, d) is cuc-connected, then $(Y, \rho)$ is so.
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(4) If (X, d) is of bounded geometry, then $(Y, \rho)$ is so.
4.
Theorem 4.1 (Characterization Theorem). Let $X$ be an unbounded chain connected sep-
arable metric space with a metric $d$ . Then the following are equivalent:
(1) (X, d) is coarse equivalence to $(\mathbb{R}_{+}, d_{+})$ .
(2) $(X, d)$ is coarsely unifomly chain connected, is of the bounded geometry and has
the coarse stmng complementation property.




Example 4.2. cuc-connected bounded geometry csc-property
$\mathbb{R}+$ (X, d) Lemma 38 $(X, d) \oint_{c}(\mathbb{R}_{+}.d_{+})$
Example $3.4(3)$ $(X, d)$ Example $3.4(3)$ $(X, d)$ cuc-connected
Exarnple 37 $(X, d)$ bounded geometry
(X, d) $\mathbb{R}_{+}$
(X, d) oec-property Definition 3.5 $U$ $X\cap(\mathbb{R}_{+}\cross$
$\{1\})$ $\gamma>0$ $B(U,\gamma)\neq X$
Example 4.3. bounded geometry csc-property cuc-connected
$\mathbb{R}_{+}$ (X, d) Lemma 38 $(X, d) \oint_{c}(\mathbb{R}_{+}, d_{+})$
$m,$ $n\in N$ $z_{n}=(n, 0)\in \mathbb{R}^{2}$ $\theta(m, n)\in(0,2\pi)$
:
$\sim_{m,n}\sim’=(n\cos\theta(m, n), n\sin\theta(m, n))\in \mathbb{R}^{2}$ $d_{2}(z_{n}, z_{m,n}’)=m$
$\{a_{n}:n\in N\}$
1, 2, 1, 2, 3, 2, 1,2, 3, 4, 3, 2, 1, 2, 3, 4, 5, 4, 3, 2, 1, . . .
$n\in N$ $b_{n}= \sum_{i=1}^{n}0_{i\text{ }}\theta_{n}=\theta(a_{n}, b_{n})$ $\xi_{0}=0$ $\xi_{n}=$
$\sum_{i=1}^{n}(-1)^{i}\theta_{i}$
$\mathbb{R}^{2}$
$X_{n}=\{(b_{n}\cos(\xi_{n-1}+(-1)^{n-1}t), b_{n}\sin(\xi_{n-1}+(-1)^{n-1}t))\in \mathbb{R}^{2}:0\leq t\leq 2\pi-\theta_{n}\}$
$Y_{n}=\{(r\cos\xi_{n}, r\sin\xi_{n}) : b_{n}\leq r\leq b_{n+1}\}(n\in N)$
$X=, \bigcup_{\iota\in N}(X_{\uparrow l}\cup Y_{n})$
$d=d_{2}|_{X}$ .
64
$X$ $\mathbb{R}+$ Example 3.7 $(X, d)$ bounded geometry
$(X, d_{2}|_{X})$ cuc-connected [5]
$(X, d)$ csc-property
Example 4.4. cuc-connected csc-property bounded geometry
$\mathbb{R}+$ (X, d) Lemma 3.8 $(X, d)! \oint_{c}(\mathbb{R}_{+}, d_{+})$
2 $’\iota\in \mathbb{N}$
$x_{n,i,j}=(0, \ldots, 0,i, 0, \ldots, 0)\in \mathbb{R}^{7l}j-th$
$X_{n,i}=\{tx_{n,i,j}+(1-t)x_{n_{\backslash }i.j-\vdash 1}\in \mathbb{R}^{n}$ : $t\in[0,1]$ and $j=1,$ $\ldots,$ $n-1\}$
$diam_{d}X_{n,i}=\sqrt{2}i$
$(^{*})$ $x,$ $x’\in X_{n,i}$ $X_{n,i}$ $x$ $x’$ $P_{x,x’}$
diam${}_{d_{m}}P_{x,x’}\leq V2d_{\iota}(x, x’)$
2 $n\in N$ $X_{n}$ $\oplus_{i\leq n}X_{n,i}$ $x_{r\iota,i,n}$ $x_{n,i+1,1}(i<n)$
$X$ $\oplus_{n>2}X_{n}$ $x_{n,n,n}$ $x_{n+1,1,J}$ $(n\geq 2)$
$X_{n}$ $p_{n}$
$\rho_{n}(x, y)=\{$ $d_{n}(x,x_{n,i,n})+ \sum_{i<k<j}cl_{n}(x_{n,k,1}, x_{n,k,n})d_{n}(x,y)+d_{n}(x_{n,j,1},y)$ $ifx_{i}\in X_{n,i},y\in X_{n,j}ifx,y\in X_{n,i}$
with $i<j$ .
$X$ $d$
$d(x, y)=\{\begin{array}{l}\rho_{n}(x,y)\rho_{m}(x,\prime x_{m,\prime n,m})+\sum_{m<k<n}\rho_{k}(x_{k,1,1},x_{k,k,k}) ifx\in X_{m},y\in X_{n}ifx,y\in X_{n}+p_{n}(x_{n,1,1}, y) with m<n.\end{array}$
$X$ $\mathbb{R}_{+}$ $(X, d)$ bounded geometry
$(^{*})$
$(^{**})$ 2 $x,$ $x’\in X$ $diam_{d}[x, x’]\leq v2d(x, x’)$
(X, d) cuc-connectecl
$(X, d)$ csc-property $U$ (X, d) unbounded r-chain connected
$(U, d|_{U})$ r-chain $\{x_{n}\in U :n\in N\}$ $x_{n}<$
$x_{n+1}(n\in N)$ $(^{**})$ diam$d[x_{n}, x_{n+1}]\leq\sqrt{2}d(x_{n}, x_{n+1})\leq\sqrt{2}r$
$R= \max\{diam_{d}[x_{1,1},1x_{1}], \sqrt{2}r\}$ $X=B_{d}(\{x_{n}\in U :ri\in \mathbb{N}\}, R)\subset$
$B_{d}(U, R)$
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